The disadvantage of the geometry of thin-walled parts, in terms of processing, is the low ability to resist static and dynamic loads. It is caused by the elastic deformation of elements with a low stiffness. Modelling approaches for the evaluation of deflections during machining are presented. Mathematical models of deflections, cutting forces and harmonic response are proposed. The processes of material removal and deflection of a thin-walled sample at the critical points are modelled. A frequency analysis was performed, consisting of a modal analysis of natural frequencies and a harmonic response analysis. As a result, a graph of the deflections amplitude from the frequency of driven harmonic oscillations is generated. The analysis of the obtained values was performed. As a result, the resonance frequency and maximum amplitude of oscillations for the operating parameters are determined.
Introduction
In several branches of the industry, such as mechanical engineering, aircraft manufacturing, drive production, etc., engineering products that belong to a number of thin-walled parts with variable stiffness are particularly prevalent. The processing of such parts on metal-cutting machines generally requires the application of both the specially developed devices that prevent the parts from being deformed by cutting forces and fixing or using new mechanical treatment techniques. The creation and using of special devices is associated with additional costs and, as a result, with an increase in the cost of production. The transition to an adoption of contemporary mechanical treatment methods such as high-speed milling reduces the number of special technological equipment. However, this mechanical treatment technique needs to be studied as well and the positive impact of reduced cutting forces influence on the thing-walled element should be approved. The aim of the research is to develop the technological solutions to reduce undesirable deviations of the geometry of thin-walled elements of parts by high-speed end milling.
Literature review
Parts, such as turbine blades, impellers, and similar that have thin-walled elements in their geometry, are indispensable in the automobile, aerospace and other industries [1] [2] [3] [4] . Such responsible parts of the mechanisms are used in a variety of drive units [5] .
The formation of surfaces of thin-walled parts with variable low stiffness requires a consideration of a number of factors that could prevent the achievement of technological requirements for the product [6, 7] . Such factors are: deviations from a given shape that increases during processing, vibrations, thermal deformations and errors caused by tools, tool-path accuracy, technological equipment [8, 9] and fixtures [10, 11] .
In modern industry and research activity, methods for recording and analysing the parameters of the cutting process for thin-walled parts are being actively developed. One of the methods based on a prediction of cutting parameters is discrete-time modelling of dynamic milling systems. The discrete-time model is general, and it can be used simultaneously for predicting the stability as well as the time response of the milling system [12] .
An experimental based study provides a systematic measurement of process response parameters, videlicet the cutting force and surface roughness [13] , dynamic stiffness measuring methods [14] . In addition, a special attention is paid to the system identification, signal, modal analysis, vibration absorption [15] [16] [17] [18] using the frame structures as a test rig for numerical identification techniques.
Another researches represent a methods based on a variable correction designed to compensate the deflection effect of a non-rigid construction of blades [19] and technological and other factors of the accuracy characteristics of the blades processing. The correction values depend on the contact area of the tool with the workpiece. The converted parametric view of the machining program makes it possible to include compensating values to the machine manually by the operator. In the process, the operator checks the correctness of the processing. In the case of incorrect values of correction, the program should be changed and processing starts again [20] .
A research based on a simulation of the distortion due to machining of thin-walled components states that the distortion of components is strongly related to the residual stress state induced by manufacturing processes like heat treatment, forming or machining [21] .
As a result of the review, it was decided to focus on the forces in the process of the material removal, FE end-milling modelling and oscillations analysis to determine the undesirable deflections degree. For basic estimation and further validation, a simplified model of a part is considered as a cantilever beam [22, 23] that corresponds to an earlier study [24] where it was clarified that the maximum of deviation occurs on the ending free point of the sample.
Research methodology
The technological solution for determining the values of undesirable deflections, in this paper, is the preliminary calculation of the forces; a comparison of the obtained values with the automated finite element calculation; insertion of the directional milling force into the deflection model; obtaining the deflections amplitude through considering the milling tool as a driven harmonic oscillator.
Deflection model
During the processing of the thin-walled element by the end-mill, undesirable deviations occur in the direction of the force of the cutter pressure on the surface. An additional complexity of calculating deflections is the variable distribution of stiffness in each section. It is caused by the geometry of a thin-walled element, similar to an impeller blade. The considered model with a larger thickness at the base and tapering towards the end is presented in Fig 1. The model is shear, undeformable and represents the static force interaction. It is used for a further rough deflections value validation.
The basis for the equation of the deflection model is the Castigliano's second theorem, which states that the displacement ∆ of the point of application of the generalized force is equal to the partial derivative of the complementary strain energy U c with respect to this generalized force F :
The complementary strain energy of bending:
where Young's modulus E is a measure of the material stiffness [25] . The bending moment M and moment of inertia I are functions of x: 
where b is a beam width. The increasing thickness measure α is represented as (y 1 − y 0 )/L. Combining the expressions into the complementary strain energy of bending (2):
Combining the expressions into the Castigliano's equation (1), the deflection:
As a result of calculations, where a Young's modulus for aluminium E = 69 GPa, y 1 = 9.75 mm, y 0 = 4.75 mm, b = 40 mm, L = 70 mm, F = 184 N -obtained from the section 3.2, the deflection ∆ = 0.1642 mm.
Directional cutting force model
To determine the forces acting in the cross section of the sample, as the most influencing factors of undesirable deflections, it is necessary to define the components of the cutting forces Fig. 2 .
The scheme of the cutting forces during the milling depends on the machining method and the type of the cutter. For the processing of thin-walled parts, such profiles of blades, end mills are used. The finishing climb milling of an aluminium alloy sample is presented. Climb milling provides a surface with a lower roughness and a higher accuracy. The tooth cuts into the material at a point A Fig. 2 , causing a number of forces directed towards the surface. But, in the case of thin-walled elements that are not deprived of the freedom degree from the back side, the effect of deflection by the cutter of an element leads to the processing errors.
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Deflections and Frequency Analysis in the Milling. . . In accordance with the reference book [26] , the total tangential force F z and the radial force F y have a resultant F yz , which can be decomposed into two forces -the lengthwise F h and the transverse force F v . In the case of the processing model, the lengthwise force F h is directed along the line of the material removal. The force F v is directed perpendicularly to the force F h , in the direction of the supposed blade sample deflection.
To determine the transverse force F v , which is responsible for the occurrence of deviations, the total tangential force F z is needed:
where C p is the coefficient that takes into account the physical and mechanical properties of the material, tabulated value; x, y, w, q -exponents that depend on the type of machining, the material of the part and the material of the cutting tool; t -depth of cutting, mm; S z -feed, mm/rev; B -cutting width, mm; z -number of cutter teeth; D -diameter of the mill, mm; n -rotational speed, min −1 ; K M P -the general correction factor, which takes into account the quality of the processed material [26] . As a result of calculations, where a cutting depth t = 0.25 mm, cutting width B = 3 mm, diameter of the contact area of the end spiral three-blade mill D = 7.5 mm, and the material of the part -aluminium alloy, the value of the tangential force is F z = 263.2 N. Forces F z and F v are in the ratio [26] , as F z :F v = 0.7-0.9. Based on the ratio, the calculated value of the transverse force is F v = 184 N. The values obtained are necessary for a further comparison with the finite element analysis.
Harmonic response model
In classical mechanics, a harmonic oscillator is a system that, when displaced from its equilibrium position, experiences a restoring force F proportional to the displacement x:
where, k is a positive real number, characteristic of the spring; x -amount of the displacement; b -is a constant that depends on the properties of the environment and the dimensions of the object; v -is the velocity of the object. Driven harmonic oscillators are damped oscillators further affected by an externally applied force F (t). Let us assume a driving force is F = F 0 · cos(ω ext t) [27] , then the totals force:
The equation of motion, F = m · a, becomes:
After a steady state has been reached, the position varies as a function of time:
where, ω = ω ext is the angular frequency of the driving force. The amplitude of oscillation:
where, ω 2 0 = k/m. ω 0 is the natural frequency of the undamped oscillator. When the frequency of the driving force is close to the natural frequency and the drag force is small, then the denominator in the above expression becomes very small and the amplitude becomes very large. This increase in amplitude is called resonance, ω = ω 0 is resonance frequency.
Due to the geometrical complexity of the sample, a calculation for a slab of a similar cross sectional area and stiffness is performed. The size of the slab: 70 mm long, 40 mm wide, 8.25 mm thick, and stiffness k = 1.14 · 10 6 . According to the section 3.1, the stiffness of the model is k = F/∆ = 1.12 · 10 6 . To show the response of the slab to the force in the graph, the Duhamel's integral is used:
The graph on the Fig. 3 displays the dependency of the oscillation amplitude on time for the functions of the force for resonance F r (t) and for normal conditions F n (t). It is assumed that, under normal conditions, the frequency f n = 35 Hz corresponds to the generated oscillations during a conventional machining at a 750 rpm by the three blade end-mill. Based on the calculation results, the amplitude of the oscillation A n = 0.2247 mm, the resonance amplitude A r = 4.023 mm.
Results
Results are based on a finite element analysis. The values obtained as a result of previously manual calculated models and automated are compared. The material, contact surfaces of the sample and cutters, boundary surfaces and a mesh for the finite element calculation are set. The estimated allowance for the finishing process is in the range of up to 500 µm. Therefore, the density of the mesh of the sample is much smaller than that, and equals 0.5 mm.
The initial position of the milling cutter and the sample is calculated at the CAD design step. A particular attention should be paid to the position of the sample and the tool, both relative to each other, and relative to the coordinate system. In the CAE environment, both elements are tied to the global coordinate system. A cylindrical coordinate system is additionally assigned to the milling cutter. Having the specified parameters above, the dynamic parameters are set: axial rotation of the milling cutter and axial movement of the part on the machining length.
One of the main parameters of interest in this article are the forces acting on the thin-walled element in the transverse direction. The simulated force F v.f ea can be obtained by taking stress probes from the back of the sample along the cutting area, as it can be seen in Fig. 4 . It is necessary for the comparison with the calculated force F v.calc = 184 N. Analysing the obtained values, it can clearly be seen that the finite element analysis allows getting the approximate values of forces.
Critical points Deflection values, mm
However, it is necessary to take into account the difference in values, depending on the location of the probes, despite the constant cutting parameters. That may be caused by inaccuracies in the context of this type of analysis. The error of the applied method is 12 % on average.
Considering six points on the surface Fig. 5 , five of them are critical -they are at the edges of the sample and far from the fixation site. Consequently, at these points, the maximum deviation from the initial state is presumably observed.
The point 5 is the test point where the lowest deflection is expected. The location of the points approximately matches with the lines of the end milling.
By loading the critical points by forces in sequence, it is possible to estimate the magnitude of the deviations in each region. The direction of the forces is set along the Y axis of the local coordinate systems. The Y axis is perpendicular to the sample surface. The values of the deviations picked at different levels are different; it is caused by variable a distribution of stiffness of the sample [28, 29] .
The values obtained by the analysis allow to clearly evaluate the degree of the maximum deflection values of the sample in different regions Fig. 6 . The results of the analysis are listed in Tab. 1. The maximum vol.
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Deflections and Frequency Analysis in the Milling. . . deflection value for the sample thickness 3.75 mm at points 1 and 3 is 0.17984 mm. At the section 3.1, the deflection ∆ = 0.1642 mm is obtained. That simplified model geometrically represents the force interaction at the level of the second point of the sample where the thickness is 4.75 mm. The deflection at this point according to the FE model is 0.15186 mm, which is quite similar. The different calculation methods allow to be sure that in the process of building of the FE model no errors were made. Also, the simplified model allows to roughly estimate what value is expected as a result of the FE analysis.
The FE analysis in the CAE software gives more possibilities due to working with a complex 3D model thus the more accurate calculations can be performed.
Modal analysis
Calculating of the natural frequency of the structure should especially be analysed if there are tendencies to the occurrence of oscillations in the process of treatment. This calculation makes it possible to define the Harmonic Response oscillations further, i.e. calculate the maximum amplitude of oscillation.
The interaction of a rotating cutter with a certain frequency and a thin-walled element can be represented as a mechanical system with cyclic loads. The response of a system to a dynamic loading can be among the following [30] : (1.) the intensity of the response can converge;
(2.) the system can constantly oscillate; (3.) the intensity of the system can diverge.
In all cases, the 3-rd type of the response should be avoided since the system could collapse.
If the excitation load has a frequency which becomes close to the natural frequency of the system, the oscillations increase, and if the frequencies coincide, a resonance phenomenon occurs with subsequent negative consequences. Therefore, it is critical to be able to calculate the natural frequency of the system. For this purpose, the finite-element analysis of frequencies and oscillations is presented.
This analysis calculates the natural frequency based on the geometry and material of the sample, and allows to determine the resonant frequency.
The modal analysis settings are: Max Modes to Find -6 (each of them has a tendency to oscillate in different directions), Fixed Support -the base surface of the model. The result is shown in Fig. 7 , the output listed in Tab. 2.
The first mode -1728.4 Hz is the most significant, since at this frequency, the sample is going to oscillate in the same direction as during the lengthwise processing.
Harmonic Response Analysis
Having a modal analysis, the Harmonic Response analysis can be performed. Any sustained cyclic load produces a sustained cyclic response (a harmonic response) in a structural system. The harmonic response analysis gives the ability to predict the sustained dynamic behaviour of structures, thus enabling to verify whether or not the designs will successfully overcome the resonance, fatigue, and other harmful effects of forced vibrations [31] .
Harmonic Response analysis settings are: previously defined Modal analysis, Fixed Support -base surface of the model, analyzed frequency is in the range from 0 to 2000 Hz, input Nodal Force load at the critical Table 2 . Natural frequency analysis output. The amplitude is the maximum value of the oscillation of the sample under the specified load and corresponding frequency. The phase angle is a measure of the time by which the load lags (or leads) a frame of reference.
The range from 0 to 2000 Hz is significant to analyse as the natural frequency lies in this range -1728.4 H z . If the frequency of the cyclic load matches with the natural frequency, the oscillations increase and a resonance occurs.
In confirmation, from the data received Fig. 9 , Tab. 3, a large increase of the amplitude of the sample oscillations -2.7934 mm at the frequency -1720 Hz vol.
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Deflections and Frequency Analysis in the Milling. . . could be noticed. It shows that the system starts to resonate with the frequency of the input loading. The expected rotation of the milling tool for a conventional machining is near 750 rpm. It corresponds to the frequency 12.5 Hz. The milling tool has three blades, so expected frequency of the contact of the blades with the surface is tripled. Thus the frequency of interest is near 37.5 Hz, which is lower than the natural frequency, so milling processing can be safely performed. Finally, according to the Table 3 , the maximum oscillation amplitude of the sample at 40 Hz is 0.12408 mm. The same way, during the high speed machining at 15 000 rpm the frequency of interest is 750 Hz, and the deflection is 0.15072 respectively.
As a result of the calculations in the section 3.3, the osculation amplitude for the conventional machining is 0.2247 mm, whereas according to the FE analysis, it is 0.12408 mm for the conventional machining and 0.15072 mm for a high-speed one. The difference is expected since, unlike the simplified model, the FE model has a thick base thus it has a higher natural frequency so it is more stable to oscillations.
The difference in results shows the disadvantage of the simplified model calculation in the section 3.3 in contrast with the finite element simulation. The complexity of the manual mathematical description of the geometry imposes restrictions on the accuracy of calculations for the specific model.
Discussion
In terms of processing of thin-walled parts, Harmonic Response analysis brings the perspective to estimate deflections at different frequencies. Modern highspeed machining equipment allows the flexibility to choose the most efficient processing speed. Negative factors, such as large deviations or even resonance, can be avoided by increasing or decreasing the number of tool's teeth and revolutions of the cutting tool.
Conclusion
The static and dynamic methods of loading of the thinwalled sample with variable low stiffness are presented. A deflection evaluation is performed. An analysis of a sample is made, as a result, the cutting force components are defined; the relative transverse force F v.calc is 184 N, which is similar to F v.f ea . The error of the applied method is 12 % on average.
The modelling of the deflections is implemented. As a result of a static analysis, the maximum deviation at the thinnest region of the part is 0.17984 mm. As a result of the frequency analysis, the maximum oscillation amplitude of the sample at a normal processing frequency 40 Hz is 0.12408 mm and at a high-speed one -750 Hz, it is 0.15072 mm. In a further research, the presented methods are considered for creating processing programs that take into account the geometry of the part and compensate most of the undesirable deflections.
